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Abstract
We give (Theorem 1) conditions on a knot on which the Morton-Franks-Williams inequality
is not sharp. As applications, we show infinitely many examples of knots where the inequality is
not sharp and also prove (by giving examples) that the deficit of the inequality can be arbitrarily
large.
1 Introduction.
The Morton-Franks-Williams (MFW) inequality [8], [3], is one of the few tools available in knot
theory to estimate the minimal braid index of a knot or a link.
To state the MFW inequality, let K be an oriented knot or link projected on a plane. Focus on one
crossing of K with sign ε. Denote Kε := K and let K−ε (resp. K0) be the closed braid obtained
from Kε by changing the the crossing to the opposite sign −ε (resp. resolving the crossing), see
Figure 1.
K+ K- K 0
Figure 1: Local views of K+,K−,K0.
The HOMFLYPT polynomial PK(v, z) of K satisfies the following relations (for any choice of a
crossing):
1
v
PK+ − vPK− = zPK0 . (1.1)
Punknot = 1.
The Morton-Franks-Williams inequality. Let d+ and d− be the maximal and minimal degrees
of the variable v of PK(v, z). If a knot type K has a closed braid representative K with braid index
bK and algebraic crossing number cK , then we have
cK − bK + 1 ≤ d− ≤ d+ ≤ cK + bK − 1.
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As a corollary,
1
2
(d+ − d−) + 1 ≤ bK , (1.2)
giving a lower bound for the braid index bK of K.
This inequality was the first known result of a general nature relating to the computation of
braid index, and it appeared to be quite effective. Jones notes, in [6], that on all but five knots
(942, 949, 10132, 10150, 10156) in the standard knot table, up to crossing number 10, the MFW in-
equality is sharp. Furthermore it has been known that the inequality is sharp on all torus links,
closed positive n-braids with a full twist [3], 2-bridge links [9], fibred and alternating links [9].
However, the MFW inequality is not as strong as it appears to be as above. In fact, in Theorem
3 and Theorem 4, we give infinitely many examples of prime knots and links on which the MFW
inequality is not sharp and is arbitrarily far away from being an equality. All these examples are
obtained as corollaries of our main result Theorem 1, in which we give one reason to explain non-
sharpness of the MFW inequality. The main idea is to find knots Kα of known braid index = b
which have a distinguished crossing such that, after changing that crossing to each of the other two
possibilities in Figure 1, giving knots or links Kβ and Kγ , it is revealed that Kβ and Kγ each has
braid index < b. Thanks to this theorem one can observe “accumulation” of deficits by looking at
the distinguished crossings which contribute to deficits (for detail, see the proof of Theorem 3).
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2 One reason for non-sharpness of the MFW inequality.
In this section we give sufficient conditions (Theorem 1) for a closed braid on which the MFW
inequality is not sharp. Then we exhibit examples of prime links on which the deficit of the
inequality can be arbitrary large.
Let bK be the braid index of knot type K, that is the smallest integer bK such that K can be
represented by a closed bK-braid. Let bK , cK denote the braid index and the algebraic crossing
number of a braid representative K of K.
Definition 1 Let
DK := bK −
1
2
(d+ − d−)− 1
be the difference of the numbers in (1.2), i.e., of the actual braid index and the lower bound for
braid index. Call DK the deficit of the MFW inequality for K.
If DK = 0, the MFW inequality is sharp on K. If K is a braid representative of K let D
+
K :=
(cK + bK − 1)− d+ and D
−
K := d− − (cK − bK + 1). When bK = bK, we have
DK =
1
2
(D+K +D
−
K). (2.1)
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Note that D±K depends on the choice of braid representative K, but the deficit DK is independent
from the choice.
Theorem 1 Assume that K is a closed braid representative of K with bK = bK. Focus on one
crossing of K and construct K+,K−,K0 (one of the three must be K). Let α, β, γ ∈ {+,−, 0} and
assume that α, β, γ are mutually distinct. If Kα = K and if positive (resp. negative) destabilization
is applicable p-times (resp. n-times) to each of Kβ and Kγ, then
D+K ≥ 2p, (2.2)
(resp. D−K ≥ 2n.) (2.3)
i.e., by (2.1) the MFW inequality is not sharp on K if p+ n > 0.
Here is a lemma to prove Theorem 1.
Lemma 1 Let K be a closed braid. Choose one crossing, and construct K+,K−,K0 (one of the
three must be K). We have
d+(PK+) ≤ max{d+(PK−) + 2, d+(PK0) + 1} (2.4)
d+(PK−) ≤ max{d+(PK+)− 2, d+(PK0)− 1} (2.5)
d+(PK0) ≤ max{d+(PK+)− 1, d+(PK−) + 1} (2.6)
and
d−(PK+) ≥ min{d−(PK−) + 2, d−(PK0) + 1}
d−(PK−) ≥ min{d−(PK+)− 2, d−(PK0)− 1}
d−(PK0) ≥ min{d−(PK+)− 1, d−(PK−) + 1}.
Proof of Lemma 1. By (1.1), we have PK+ = v
2PK− + vzPK0 . Thus, d+(PK+) = d+(v
2PK− +
vzPK0) ≤ max{d+(v
2PK−), d+(vzPK0)} and we obtain (2.4). The other results follow similarly.

Table (2.7) shows the changes of cK , bK , cK − bK + 1 and cK + bK − 1 under stabilization and
destabilization of a closed braid.
cK bK cK − bK + 1 cK + bK − 1
+ stabilization +1 +1 0 +2
+ destabilization −1 −1 0 −2
− stabilization −1 +1 −2 0
− destabilization +1 −1 +2 0
(2.7)
Note that cK and bK are invariant under braid isotopy and exchange moves.
Proof of Theorem 1. Suppose that K = Kα = K+. Suppose we can apply positive destabi-
lization k-times (k ≥ p) to K−. Let K˜− denote the closed braid by the destabilization. Then we
have:
d+(PK−) + 2 = d+(PK˜−) + 2
≤ (cK˜− + bK˜− − 1) + 2
= {(cK− + bK− − 1)− 2k}+ 2 (2.8)
= (cK+ − 2) + bK+ − 1− 2k + 2
= (cK+ + bK+ − 1)− 2k = (cK + bK − 1)− 2k.
3
The first equality holds since K− and K˜− have the same knot type. The first inequality is the
MFW inequality. The second equality follows from Table (2.7).
Similarly, if we can apply positive destabilization l-times (l ≥ p) to K0, and obtain K˜0, we have
d+(PK0) + 1 = d+(PK˜0) + 1
≤ (cK˜0 + bK˜0 − 1) + 1
= (cK0 + bK0 − 1− 2l) + 1 (2.9)
= (cK+ − 1) + bK+ − 1− 2l + 1
= (cK+ + bK+ − 1)− 2l = (cK + bK − 1)− 2l.
By (2.4), (2.8) and (2.9) we get
d+(PK) = d+(PK+) ≤ max{d+(PK−) + 2, d+(PK0) + 1}
≤ (cK + bK − 1)−min{2k, 2l},
i.e., D+K ≥ min{2k, 2l} ≥ 2p. When Kα = K− or Kα = K0, the same arguments work (use (2.5) or
(2.6) for these cases in the place of (2.4)) and we get (2.2).
The other inequality (2.3) also holds by the identical argument. 
Theorem 2 Knot type K = 942 has a braid representative K = K+ (see Figure 3) satisfying the
sufficient condition in Theorem 1.
+ destabi-
lization
- destabi-
lization
K
+ destabi-
lizationK
K
+
-
0
=
=
=
Figure 2: Knot 942 satisfies the conditions of Theorem 1
Proof of Theorem 2. It is known that 942 has braid index = 4 and deficit D942 = 1. Let
K = K+ be its braid representative of the minimal braid index as in Figure 2. Construct K−,K0
by changing the shaded crossing. Sketches show that both K−,K0 can be positively destabilized.
Thus by Theorem 1, D+K ≥ 2 and D942 ≥ 1. 
Theorem 3 For any positive integer n, there exists a prime link whose deficit is ≥ n.
Proof of Theorem 3. We prove the theorem by exhibiting examples. For n ∈ N let (942)
n be
the closure of n-copies of 942 linked each other by two full twists as in the left sketch of Figure 3.
Since the braid index b942 = 4 and (942)
n is an n-component link, we know the braid index of (942)
n
is 4n. This construction gives a braid representative with 4n-strands and n distinguished (shaded
in the left sketch) crossings.
4
Figure 3: Prime link (942)
5 and 2-component link.
In the following we will see that each of the shaded crossing contributes to the deficit.
Let K := (942)
2 and let K be the braid representative of K as in Figure 3. Let K−−,K−0,K0−,K00
be the links obtained from K by changing the two shaded crossings. We repeat the discussion of
the proof of Theorem 1: We have
d+(PK−−) + (2 + 2) = d+(PK˜−−) + 4
≤ (cK˜−− + bK˜−− − 1) + 4
= {(cK−− + bK−− − 1)− 2 · 2}+ 4
= (cK − 4) + bK − 1− 2 · 2 + 4
= (cK + bK − 1)− 2 · 2.
Similarly,
d+(PK−0) + (2 + 1) ≤ (cK + bK − 1)− 2 · 2,
d+(PK0−) + (1 + 2) ≤ (cK + bK − 1)− 2 · 2,
d+(PK00) + (1 + 1) ≤ (cK + bK − 1)− 2 · 2.
Thus,
d+(PK) = max{d+(PK−−) + 4, d+(PK−0) + 3, d+(PK0−) + 3, d+(PK00) + 2}
≤ (cK + bK − 1)− 2 · 2
and DK ≥
1
2D
+
K ≥
1
2 (2 · 2) = 2.
Similar arguments work when K = (942)
n for n ≥ 3 and we have D(942)n ≥
1
2D
+
(942)n
≥ 12 (2 ·n) ≥ n.
Since the 2-component link of the right sketch is hyperbolic [10], by [12] we can conclude that
(942)
n’s are all prime except for finitely many cases.

Remark 1 By taking the connected sum of knots on which the MFW inequality is non-sharp,
one can also construct examples of (non-prime) knots with arbitrarily large deficits. This fact
follows not only by Theorem 1 but also by the definition of HOMFLYPT polynomial (1.1) and the
additivity of braid indices under connected sums [2].
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3 The Birman-Menasco block and strand diagram.
In this section as an application of Theorem 1 we study another infinite class of knots including all
the Jones’ five knots on which the MFW inequality is not sharp. We call the block-strand diagram
(see [1] for definition) of Figure 4 the Birman-Menasco (BM) block-strand diagram.
X
YZ
W
Figure 4: The Birman-Menasco diagram BMx,y,z,w.
Definition 2 Let BMx,y,z,w, where x, y, z, w ∈ Z, be the knot (or the link) type which is obtained
by assigning x-half positive twists (resp. y, z, w) to the braid block X (resp. Y,Z,W ) of the BM
diagram.
Recall that on all but only five knots (942, 949, 10132, 10150, 10156) up to crossing number 10 the
MFW inequality is sharp. An interesting property of the BM diagram is that it carries all the
five knots. Namely, we have 942 = BM−1,1,−2,−1 = BM−1,−2,−2,2, 949 = BM−1,1,1,2 , 10132 =
BM−1,−2,−2,−2, 10150 = BM3,−2,−2,2 = BM−1,2,−2,2 = BM−1,−2,2,2 = BM−1,1,2,−1 = BM3,1,−2,−1,
and 10156 = BM−1,1,1,−2.
We have the following theorem, which was conjectured informally by Birman and Menasco:
Theorem 4 There are infinitely many (x, y, z, w)’s such that the MFW inequality is not sharp on
BMx,y,z,w.
We need lemmas to prove Theorem 4.
Lemma 2 We have D+BMx,y,z,w ≥ 2.
Proof of Lemma 2. Change the BM diagram into the diagram in sketch (1) of Figure 5 by
braid isotopy and denote it by K. Focus on the crossing shaded in the sketch (1). Regard K = K−.
We can apply positive destabilization once to K+ and obtain the diagram in sketch (2-2). We also
can apply positive destabilization once to K0 as we can see in the passage sketch (3-1) ⇒ (3-2) ⇒
(3-3). Therefore by Theorem 1 we have D+BMx,y,z,w ≥ 2 for any (x, y, z, w).

It remains to prove that there are infinitely many (x, y, z, w)’s such that the braid index of BMx,y,z,w
is 4. More concretely, let Kn := BM−1,−2,n,2 and we will show that for all m ≥ 1 the braid index
of K2m is 4. Note that K2 = 10150 and K2m is a knot.
The enhanced Milnor Number λ defined by Neumann and Rudolph [11] is an invariant of fibred
knots and links counting the number of negative Hopf band plumbing to get the fibre surface.
(Recall that the fiber surface of a fibre knot is obtained by plumbing and deplumbing Hopf bands
[4].)
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K
+
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Z Y
XW
Z Y
X
W
Z Y
X
W
Z Y
XW
Z Y
XW
Z Y
+ destabi-
   lization
isotopy
(2-1) (2-2)
(3-1)
(3-3)
(3-2)
Figure 5:
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Lemma 3 All Kn (n ≥ 2) are fibred and have the enhanced Milnor number λ = 1.
Proof of Lemma 3. As in the passage (1) ⇒ (2) of Figure 6, we compress twice the standard
Bennequin surface (sketch (1)) of Kn. Next, deplumb positive Hopf bands as much as possible
w=2 x=-1
y=-2 n
n-1
(1)
(2)
(3)
(4)
(5) (6)
(7)
(8)
(9)
(10)
Figure 6:
as in the passage sketch (2) ⇒ (3) ⇒ (4) = (5). Then isotope the Seifert surface until we get
P (−2,−2, 2) (sketch (8)) a Pretzel link. These operations do not change the enhanced Milnor
number.
We apply a trick of Melvin and Morton [7], as in the passage sketch (8)⇒ (9) and get P (−2, 0, 2)
a Pretzel link. We remark that the enhanced Milnor number is invariant under this trick.
Since P (−2, 0, 2) is obtained by plumbing one positive Hopf band and one negative Hopf band (see
sketch (10)), it has the enhanced Milnor number λ = 1 so does Kn. 
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Here we summarize Xu’s classification of 3-braids [14]. Let σ1, σ2 be the standard generators of B3
the braid group of 3-strings satisfying σ1σ2σ1 = σ2σ1σ2. Let a1 := σ1, a2 := σ2 and a3 := σ2σ1σ
−1
2 .
We can identify them with the twisted bands in Figure 7. Let α := a1a3 = a2a1 = a3a2. If w ∈ B3
let w denote w−1.
a a a1 2 3
Figure 7:
Theorem 5 (Xu [14].) Every conjugacy class in B3 can be represented by a shortest word in
a1, a2, a3 uniquely up to symmetry. And the word has one of the three forms:
(1)αkP, (2)Nαk, (3)NP.
where k ≥ 0 and N,P are positive words and the arrays of subscripts of the words are non-
decreasing.
Lemma 4 If a closed 3-braid has λ = 1 and is a knot, then up to symmetry it has one of the
following Xu’s forms:
Ax := a3 a2 (a1)
x, x ≥ 2, even,
Bx,y := a3 a3 (a1)
x(a2)
y, x, y ≥ 3, odd,
Cx,y,z := a2 (a1)
x(a2)
y(a3)
z, x+ z = odd, y = even, x, y, z ≥ 1,
Dx,y,z,w := a2 (a1)
x(a2)
y(a3)
z(a1)
w, x, y ≥ 2, z, w ≥ 1.
Proof of Lemma 4. For simplicity let −→ (resp. =⇒) denote “deplumbing of positive-Hopf (resp.
negative) bands”. We denote w = w′ when w,w′ have the same conjugacy class. Assume we have
a word w ∈ B3.
Case (1)-1. Suppose w = αk for some k ≥ 1. Since α2 −→ α (see Figure 8), we have w = αk −→ α.
a a a
deplumb slide deplumb
Figure 8: α2 −→ α.
Since the braid closure of α is the unknot, w has λ = 0.
Case (1)-2. If w = αkP (k ≥ 1), up to permutation of subscripts {1, 2, 3} we get
αkP −→ αP −→ α(a1a2a3a1a2a3 · · · · · · ).
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Since αa1a2a3 −→ α (see Figure 9) we have
α
length= l︷ ︸︸ ︷
a1a2a3a1a2a3 · · · · · · −→ α
length= l − 3︷ ︸︸ ︷
a1a2a3a1a2a3 · · · · · · for l ≥ 3.
If l = 1, 2, we have αa1 −→ α and αa1a2 −→ α. Thus w has λ = 0.
a a
deplumb deplumb
slideslide
deplumb
Figure 9: αa1a2a3 −→ α.
Case (1)-3. Assume w = P (with no α part). There are three possible cases to study:
P −→ (a1a2a3)
n, P −→ (a1a2a3)
na1 and P −→ (a1a2a3)
na1a2.
If P satisfies the third case, since (a1a2a3)
na1a2 = a2(a1a2a3)
na1 = α(a2a3a1)
n −→ α, w has λ = 0.
If P satisfies the second case, since (a1a2a3)
na1 = a1(a1a2a3)
n −→ (a1a2a3)
n this case can be
reduced to the first case.
If P satisfies the first case, it is known that closure of P is not fibred [5][13] i.e., w is not fibred.
Case (2)-1. Assume w = αk for some k ≥ 1. Figure 8 shows that α2 =⇒ α by deplumbing
negative-Hopf band twice, i.e., α2 has λ = 2. Thus αk has λ = 2(k − 1) 6= 1.
Case (2)-2. Suppose w = Nαk where k ≥ 1.
If w = ai α we have ai α =⇒ α and w has λ = 1. However, the closure of w has more than one
component and it does not satisfy the condition of the lemma.
If w 6= ai α by similar argument as in case (1)-2, we have Nα
k =⇒ α and w has λ ≥ 2.
Case (2)-3. Suppose w = N (no α part).
Assume N =⇒ (a3 a2 a1)
na3 a2 for some n ≥ 0. If n = 0 then w has λ = 1 if and only if
w = a3 a3 a2. However it has two components and does not satisfy the condition of the lemma. If
n ≥ 1, since (a3 a2 a1)
na3 a2 = a2 a3(a2 a1 a3)
n = α (a2 a1 a3)
n =⇒ α, w has λ ≥ 3n.
Assume N =⇒ (a3 a2 a1)
na3 for some n ≥ 0. If n = 0 then w has λ = 1 if and only if w = a3 a3.
However this has two components. If n ≥ 1, since (a3 a2 a1)
na3 =⇒ (a3 a2 a1)
n it can be reduced
to the next case we discuss.
Assume N =⇒ (a3 a2 a1)
n then it is known that w is not fibred [5][13].
Case (3). Assume w = NP for some N,P 6= ∅.
We introduce new symbol “≈” denoting Melvin and Morton’s trick [7]. In our situation we have
aiai−1ai ≈ ai ai−1ai and aiai+1ai ≈ aiai+1 ai.
Recall that this trick does not change λ nor fibre-ness.
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Let  denote composition of ± Hopf bands deplumbings.
After deplumbing ± Hopf bands sufficiently enough times, w can be reduced to one of the following
18 forms up to permutation of {1, 2, 3}.
case word NP
i (a2 a1 a3)
k(a1a2a3)
l k ≥ 1, l ≥ 1
ii (a2 a1 a3)
k(a1a2a3)
la1 k ≥ 1, l ≥ 0
iii (a2 a1 a3)
k(a1a2a3)
la1a2 k ≥ 1, l ≥ 0
iv a3(a2 a1 a3)
k(a1a2a3)
l k ≥ 0, l ≥ 1
v a3(a2 a1 a3)
k(a1a2a3)
la1 k ≥ 0, l ≥ 0
vi a3(a2 a1 a3)
k(a1a2a3)
la1a2 k ≥ 0, l ≥ 0
vii a1 a3(a2 a1 a3)
k(a1a2a3)
l k ≥ 0, l ≥ 1
viii a1 a3(a2 a1 a3)
k(a1a2a3)
la1 k ≥ 0, l ≥ 0
ix a1 a3(a2 a1 a3)
k(a1a2a3)
la1a2 k ≥ 0, l ≥ 0
case word NP
i’ (a1 a3 a2)
k(a1a2a3)
l k ≥ 1, l ≥ 1
ii’ (a1 a3 a2)
k(a1a2a3)
la1 k ≥ 1, l ≥ 0
iii’ (a1 a3 a2)
k(a1a2a3)
la1a2 k ≥ 1, l ≥ 0
iv’ a2(a1 a3 a2)
k(a1a2a3)
l k ≥ 0, l ≥ 1
v’ a2(a1 a3 a2)
k(a1a2a3)
la1 k ≥ 0, l ≥ 0
vi’ a2(a1 a3 a2)
k(a1a2a3)
la1a2 k ≥ 0, l ≥ 0
vii’ a3 a2(a1 a3 a2)
k(a1a2a3)
l k ≥ 0, l ≥ 1
viii’ a3 a2(a1 a3 a2)
k(a1a2a3)
la1 k ≥ 0, l ≥ 0
ix’ a3 a2(a1 a3 a2)
k(a1a2a3)
la1a2 k ≥ 0, l ≥ 0
For example, assume w can be reduced to have form iv’.
Assume k = 0, l ≥ 1 i.e., w −→ a2(a1a2a3)
l. Since
a2a1a2a3 ≈ a2 a1a2a3 = a2a3a3a2 −→ a2a3a2 = a1a2 a2 =⇒ a1a2 = unknot,
a2(a1a2a3)
l has λ = 1 if and only if l = 1. Let
Cx,y,z := a2(a1)
x(a2)
y(a3)
z for x, y, z ≥ 1.
Since Cx,y,z −→ a2a1a2a3, Cx,y,z has λ = 1.
To study rest of the cases (k, l ≥ 1) we remark that (a1 a3 a2)
k(a1a2a3)
k can be reduced to a1a3 by
deplumbing positive and negative Hopf bands each (3k−1)-times i.e., (a1 a3 a2)
k(a1a2a3)
k
 a1a3.
If k = l ≥ 1 then
w  a2(a1 a3 a2)
k(a1a2a3)
k
 a2(a1a3) = a1a2 a2 =⇒ a1a2 = unknot
and w has λ ≥ 2.
If k > l ≥ 1 then
w  a2(a1 a3 a2)
k(a1a2a3)
l
 a2(a1 a3 a2)
k−l(a1a3) = (a1 a3 a2)
k−la1a3a2
=⇒ (a1 a3 a2)
k−la1a3 = (a1 a3 a2)
k−l−1a1 a3a1a2 a2 =⇒≈ (a1 a3 a2)
k−l−1a1a3a1a2
= (a1 a3 a2)
k−l−1a1 a1 a3a3  (a1 a3 a2)
k−l−1a1a3  a1a3 = unknot
and w has λ ≥ 2.
If l > k ≥ 1 then
w  xa2(a1 a3 a2)
k(a1a2a3)
l
 a2(a1a3)(a1 a3 a2)
l−k =⇒ a1a2(a1 a3 a2)
l−k
≈ a1a2(a1 a3 a2)
l−k−1 ≈ a1a2 = unknot
and w has λ ≥ 2.
Thus if w = NP for some N,P and can be reduced to have form iv’ then w has λ = 1 if and only if
w = Cx,y,z for x, y, z ≥ 1. To make the braid closure of w have one component, we further require
x+ z = odd.
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The following table lists all the words with λ = 1.
case word with λ = 1.
i none.
ii a2 a1 a3 a
x
1 (2 or 3 components.)
iii reduced to Case (1) or (2).
iv reduced to iii.
v
a3 a
x
1 a
y
2 a
z
3 a
w
1 = {
Cx+1,y,z Case iv’ when w = 1,
Dx+1,y,z,w−1 Case v’ when w ≥ 2.
a3 a3 a
x
1 (2 or 3 components.)
vi
a3 a3 a
x
1 a
y
2 =: Bx,y.
a3 a
x
1 a
y
2 a
z
3 a
w
1 a
v
2 = {
Cx+v+1,y,z Case iv’ when w = 1,
Dx+v+1,y,z,w−1 Case v’ when w ≥ 2.
vii a1 a3 a
x
1 a
y
2 a
z
3 = a1 a3 a
x+z
1 a
y
2 Case ix.
viii reduced to iv.
ix a1 a3 a
x
1 a
y
2 = Bx+1,y−1 Case v or vi.
i’ none.
ii’ reduced to Case (1) or (2).
iii’ none.
iv’ a2 a
x
1 a
y
2 a
z
3 =: Cx,y,z.
v’
a2 a
x
1 a
y
2 a
z
3 a
w
1 =: Dx,y,z,w.
a2 a2 a
x
1 (2 or 3 components.)
vi’ reduced to ii’
vii’ reduced to Case (1) or (2).
viii’ a3 a2 a
x
1 . =: Ax.
ix’ a3 a2 a
x
1 a
y
2 = {
a3 a3 a
y+1
2 Case v’ when x = 1,
Bx−1,y+1 Case v’ when x ≥ 2.
Words Ax, · · · ,Dx,y,z,w are defined as above. Table shows that any w with λ = 1 and having one
component has one of the forms; Ax, · · · ,Dx,y,z,w.

Lemma 5 Leading terms of Alexander polynomials of Kn, Ax, Bx,y, Cx,y,z and Dx,y,z,w are the
following:
Kn; ±(1− 4t− 6t
2 + 8t3 − · · · ) if n ≥ 2,
Ax; ±(1− 3t+ · · · ) if x ≥ 2,
Bx,y; ±(1− 3t+ · · · ) if x, y ≥ 3,
Cx,y,z; ±(1− 5t+ · · · ) if x, z ≥ 2,
C1,2,z, C1,y,2, C2,y,1, Cx,2,1; ±(1− 4t+ 6t
2 − 7t3 + · · · ) if x, y, z ≥ 4,
C1,y,z, Cx,y,1; ±(1− 4t+ 7t
2 + · · · ) if x, y, z ≥ 3
Dx,y,z,w,Dx,y,z,1; ±(1− 6t+ · · · ) if x, y, z, w ≥ 2,
Dx,y,1,w; ±(1− 5t+ · · · ) if x, y, w ≥ 2.
Proof of Lemma 5. We prove that the Alexander polynomial of Cx,y,z for some x, y, z ≥ 2 is
±(1 − 5t + · · · ). Recall that the Bennequin surface of Xu’s form gives a minimal genus Seifert
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surface. Let F be the Bennequin surface of Cx,y,z and choose a basis
{u(1), u(2), u
(3)
1 , · · · , u
(3)
x−1, u
(4)
1 , · · · , u
(4)
y−1, u
(5)
1 , · · · , u
(5)
z−1}
for H1(F ) as in Figure 10. In the sketch, u
(k) (k = 1, 2, 3, 4, 5) corresponds to the loop (k). With
(1)(2)
(3)
(4)
(5)
y z
x
Figure 10: The Bennequin surface F of Cx,y,z = a2 (a1)
x(a2)
y(a3)
z and a basis for H1(F ).
respect to the basis, let Vx,y,z denote the Seifert matrix for Cx,y,z.
Vx,y,z =


1 1
1 −1 1
−1 1
−1
. . .
. . . 1
−1
−1 1
−1
. . .
. . . 1
−1
−1 1
−1
. . .
. . . 1
−1


It has 0’s in all the blank places. The 3rd (resp. 4th, 5th) diagonal block has size (x− 1)× (x− 1)
(resp. (y − 1)× (y − 1), (z − 1)× (z − 1)). Alexander polynomial satisfies:
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∆x,y,z(t) = det(V
T
x,y,z − tVx,y,z)
= det


1− t −t
1− t t −t
−1 −1 + t −t
1
. . .
. . .
. . .
. . . −t
1 −1 + t
1 −1 + t −t
1
. . .
. . .
. . .
. . . −t
1 −1 + t
1 −1 + t −t
1
. . .
. . .
. . .
. . . −t
1 −1 + t


.
Expanding it in the (x+ 1)th column, we have
∆x,y,z(t) = (−1 + t)∆x−1,y,z(t)
−(−t) det


1− t −t
1− t t −t
−1 −1 + t −t
1
. . . −t
1 −1 + t −t
1
1 −1 + t −t
1
. . . −t
1 −1 + t
1 −1 + t −t
1
. . . −t
1 −1 + t


= (−1 + t)∆x−1,y,z(t) + t∆x−2,y,z(t).
If ∆i,y,z(t) = (−1)
i(α0 + α1t+ α2t
2 + · · · ) for i = x− 1 and x− 2, then
∆x,y,z(t) = (−1 + t)(−1)
x−1(α0 + α1t+ α2t
2 + · · · ) + t(−1)x−2(α0 + α1t+ α2t
2 + · · · )
= (−1)x(α0 + α1t+ α2t
2 + · · · ).
In fact, ∆x,y,z(t) = (−1)
x+y+z(1 − 5t + · · · ) for all x, y, z ∈ {2, 3}. By induction, ∆x,y,z(t) =
(−1)x+y+z(1− 5t+ · · · ) for all x, y, z ≥ 2.
Other cases follow by similar arguments. 
Proof of Theorem 4. By Lemmas 3, 4, 5, our knot K2m where (m ≥ 1) cannot be a 3-braid.
Then by Lemma 2, Theorem 4 follows. 
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